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Abstract 

We study the structure of a metric n-Lie algebra G over the complex field C. 
Let Q = S (B TZ he the Levi decomposition, where TZ is the radical of G and 5 is a 
strong semisimple subalgebra of G- Denote by m{G) the number of all minimal ideals 
of an indecomposable metric n-Lic algebra and TZ^ the orthogonal complement of 
R. We obtain the following results. As iS-modules, 7?,^ is isomorphic to the dual 
module of G/TZ. The dimension of the vector space spanned by all nondegenerate 
invariant symmetric bilinear forms on G equals that of the vector space of certain 
linear transformations on G] this dimension is greater than or equal to m{G) + 1- 
The centralizer oi TZ in G equals the sum of all minimal ideals; it is the direct sum 
of TZ'^ and the center of G- The sufficient and necessary condition for G having no 
strong semisimple ideals is that TZ^ C TZ. 
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1. Introduction 

In mathematical community, ?i-Lie algebras were introduced in 1985 (see [T]). These 
algebras appear in many fields in mathematics and mathematical physics. Motivated by 
problems of quark dynamics, Nambu [2] introduced in 1973 an n-ary generalization of 
Hamiltonian dynamics by means of the n-ary Poisson bracket 

[/i,--- ,/n]=det(^). (1.1) 

Based on Nambu's work, Takhtajin [3] built systematically the foundation of the theory 
of n- Poisson or Nambu-Poisson manifolds. Physicists noticed that the identity (1.1) 
satisfies the generalized Jacobi identity given by (2.2) below. 
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wuwanqing8888@126.com; zhenhengl@usca.edu. 
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A metric n-Lie algebra is an n-Lie algebra that admits a nondegenerate symmetric 
bilinear form which is invariant under inner derivations. Figueroa-O'Farrill and Pa- 
padopoulos introduced n-Lie algebras in their study of the classification of maximally 
supersymmetric type IIB supergravity backgrounds (see [ll[5l[6]). Bagger and Lambert 
[71 [HI [9] and Gustavsson [10] on superconformal fields for multiple M2-branes show that 
the generalized Jacobi identity for 3-Lie algebras is essential in defining the action with N 
= 8 supersymmetry, and that this identity may also be considered a generalized Plucker 
relation in physics. Their work stimulates the interest of researchers in mathematics and 
mathematical physics on metric n-Lie algebras. 

It is useful to study metric n-Lie algebras in both physical and mathematical observa- 
tions. The ordinary gauge theory requires a positive-definite metric to guarantee that the 
theory possess positive-definite kinetic terms and to prevent violations of unitarity due 
to propagating ghost-like degrees of freedom. But very few metric n-Lie algebras admit 
positive-definite metrics (see |lH ll2j): Ho-Hou-Matsuo in [l^ confirmed that there are no 
n-Lie algebras with positive-definite metrics for n = 5, 6, 7, 8. They also gave examples 
of 3-Lie algebras whose metrics are not positive-definite and observed that generators of 
zero norm are common in 3-Lie algebras. Furthermore, they conjectured that there are 
no other 3-Lie algebras with a positive definite metric except for A4 and its direct sum, 
where A4 is the S'0(4)-invariant algebra with 4 generators. In physics, some dynamical 
systems involve zero-norm generators corresponding to gauge symmetries and negative- 
norm generators corresponding to ghosts (see \14:\ \T5\ [T6] ) . These messages motivate us 
to study n-Lie algebras with any metrics or a nondegenerate invariant symmetric bilinear 
form. Note that Figueroa-O'Farrill [17] classifies n-Lie algebras possessing an invariant 
lorentzian inner product. 

We are interested in structures of metric n-Lie algebras G over the complex field. 
Section 2 introduces necessary notation and basic facts. Section 3 describes relations 
between metric dimensions and minimal ideals of Q. Section 4 is devoted to study the 
structure of minimal ideals of metric n-Lie algebras. Throughout this paper, all n-Lie 
algebras are of finite dimension and over the complex field C. 

2. Fundamental notions 

An n-Lie algebra is a vector space Q over C equipped with an n-multilinear operation 
[xi, • • • ,Xn] satisfying 



[xi, ■ ■ ■ 



Xn] = sign{a)[x^^i),- • • 
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and 



n 



(2.2) 



for xi, • • • , x„, 2/2, ■ ■ ■ 1 ?/n G ^ and a ^ Sn, the permutation group on n letters. Identity 
(2.2) is usually called the generalized Jacobi identity, or simply the Jacobi identity. The 
subalgebra generated by all vectors [xi, - ■ ■ ,Xn] for xi, • • • , 2;„ G ^ is called the derived 
algebra of Q, denoted by Q"^ . \i = Q then Q is referred to as a perfect n-Lie algebra. 

An ideal of an n-Lie algebra Q \s a, subspace / such that [/, ty, • • • , ^] C /. If / satisfies 
[/, I,Q, - ■ ■ ,Q] = 0, then / is called an abelian ideal. If 7^ and G has no ideals 
except for and itself, then G is referred to as a simple n-Lie algebra. By Ling |18] . 
up to isomorphism there exists only one finite dimensional simple n-Lie algebra over an 
algebraically closed field of characteristic 0; this algebra is the (n + 1) dimensional n-Lie 
algebra whose derived algebra has dimension n + 1 . If an n-Lie algebra is the direct sum 
of its simple ideals, then it is called a strong semisimple n-Lie algebra [19]. We call G 
indecomposable if = J -?/ is a direct sum of ideals then J = G or H = G- 

For a given subspace V of an n-Lie algebra G, the subalgebra 



is called the centralizer of V in G- The centralizer of in is referred to as the center 
of G, and is denoted hy C{G). It is clear that if / is an ideal of ^, so is Cg{I). 

Let / be an ideal of G- Then / is called a characteristic ideal if / is invariant under 



for s > 0. The maximal solvable ideal of G is called the radical of G, denoted by TZ. 

A minimal (maximal) ideal is a non-trivial ideal / satisfying that if J is an ideal of G, 
J C I [J D I) and J ^ I then J = (J = G)- The socle of G is the sum of all minimal 
ideals, denoted by Soc(^). Then Soc(^)=0 if and only if G is simple or one-dimensional. 
An n-Lie algebra G is local if it has only one minimal ideal. 

A metric n-Lie algebra is an n-Lie algebra G that possess a nondegenerate symmetric 
bilinear form B on G, which is invariant, 

B{[xi,--- ,Xn-i,yi],y2) = -B{[xi,--- ,Xn-i,y2],yi), for ah Xi,yj G G- 

Such a bilinear form B is called an invariant scalar product on or a metric on G- Note 
the B is not necessarily positive definite. Note pairs (G, B) be a metric n-Lie algebra. 



CgiV) = {x£G\[x,V,G,--- 



G] = o} 
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Let be a subspace of a metric n-Lie algebra Q. The orthogonal complement of W 
is defined by 

W-^ = {x eg \ B{w, x) = for all w e W}. 

If W is an ideal, then W'^ is also an ideal and (Vl^ "'")"'" = W. Notice that is a minimal 
ideal if and only if W'^ is maximal. We say that W is isotropic (coisotropic) ifWQ W'^ 
[W-^ C W). The subspace W is called nondegenerate ii B\\yxW is nondegenerate; this is 
equivalent to R = or Q = W (B as a direct sum of subspaces. If Q contains 
no nontrivial nondegenerate ideals, then Q is called B -irreducible. For a metric n-Lie 
algebra {Q^ B), it is not difficult to see [Q, - ■ ■ ,G] = C{Q)^. 

Lemma 2.lHS Let Q be an n-Lie algebra. Then Q has the Levi decomposition 

^ = 5 © 7^ (as a direct sum of subspaces), (2-3) 

where TZ is the radical of Q and 5 is a strong semisimple subalgebra of Q. 

Using induction on dim^, we have the following result without showing the details. 
Lemma 2.2 Every metric n-Lie algebra {G, B) has a decomposition 

Q = ®UiQi with ,g] =0 and B{g,,gj) = G iii^j, 

where Qi for i = 1, • • • , r are i?-irreducible nondegenerate ideals. Moreover, if ^ = 0^^^^?^ 
is another decomposition of i?-irreducible nondegenerate ideals, then I = r and there 
exists a permutation cr of {1, •• • ,r} such that Qi is isomorphic to 7^(i). 

Lemma 2.3 Let {Q,B) be a metric n-Lie algebra and / an ideal of Q. Then we have 
following properties. 

(1) [I,g,--- ,G]^=Cg{I). 

(2) If = / © y is a direct sum of ideals with /=[/,•••,/] ^ and ^ ^ 0, then / 
is nondegenerate. In particular, if / is strong semisimple, then / is nondegenerate. 

(3) If / is nondegenerate, then Q = I ® I-^. 

(4) Q is perfect if and only if C{Q) = 0. 

Proof For every ?/G [/, g, • • • , ^]^, we have g, ■ ■ ■ , y) = [y, /, e?, • • • ,g]) = 
0. Since B is nondegenerate, y G Cg{I). Conversely, for all z G Cg{I), [I, z,Q, - • • , Q]) = 0, 
andthen5(z, [/,^,--- ,0]) = B{g,[I, z,g , ■ ■ ■ ,^]) = 0. In other words, z G [I^G,--- ,G]^ 
Thus (1) fohows. 
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For (2), note that B{I,Y) = B{[I,--- ,I],Y) = B{[Y,I,--- ,/],/) = 0. So S|/x/ is 
nondegenerate. This proves (2). The result (3) is trivial and (4) follows from the identity 

Lemma 2.4 Let Wi, W2, ■ ■ ■ , Wm be subspaces of a metric n-Lie algebra {Q, B). Then 
X G [H^i, • • • , WJ^^ if and only if [Wi, ■■■ , x, Wi+i, ■ ■ ■ ,Wm] ^ W,^ ior 1 < i < m. 

Proof Since B{x,[Wi,W2, ■ ■ ■ ,Wm]) = B{Wi,[Wi,--- ,Wi.i,x,Wi+i, ■ ■ ■ ,Wm]), we 
have that x G [P^i, ■ • • , Wm]-^ if and only if B{Wi, [Wi, ■■■ , Wi-i,x, Wi+i, ■■■ , Wm]) = 0. 
The lemma follows. □ 

Theorem 2.5 Let (Q, B) be a i?-irreducible metric n-Lie algebra. Then Q is indecom- 
posable. 

Proof If [O,--- ,Q] = 0, then dim^ = 1. The theorem holds. Suppose [Q,-" ,G] 7^ 
0. Let Q = J (B H he a direct sum of ideals. Then [J,H,Q,--- ,G] = and hence 
[G,- " ^G] = [J, J,G, • " iG] + [H, H,G,- " tG]- So, without loss of generality, we may 
assume that [J, J,G, - ' ' ,G] ^ 0- 

It follows from Lemma 2.3 that B{J, [H, H,G,--- ,G]) = and B{H, [J, J,G,--- ,G]) = 
0. Thus J C[H,H,G,- ■ ■ , G]^ and H C [J, J,g, ■ ■ ■ , g]^. Since J^DH^ = 0, we obtain 
that n [J, J, ^, • • • ,G] = 0. Let F be a subspace of J such that J = V ® ( n J) 
[J, J,G,- " ,G]- Then / = V(S)[J, J,G, - ' ' ,G] an ideal of G because [J, H,G, - ' ' ,^1 = 0. 

We show that / is nondegenerate. Let x G / and B{x, I) = 0. Then B{x, J) = 0, since 
B{x,Jr\J^) = 0. Then x e J-^nJnl. It follows that x = 0. Therefore, G = I J ^ G- 
Similarly, if [H, H,Gr-- ,G]^0, then G = H. U 

Corollary 2.1 Let G be an n-Lie algebra with Bi and B2 being invariant scalar products 
on G- Then metric ?i-Lie algebra [G^Bi) is -Bi -irreducible if and only if {G,B2) is B2' 
irreducible. 

Proof The result follows from Theorem 2.5. □ 

3. The dimension of i?-irreducible metric ?i-Lie algebras 

To describe metric n-Lie algebras {G,B), we need some notation and preliminary 
results. The centroid G is defined by 

T{G) = G End{G) I (^([xi,X2, • • • ,Xn]) = [(^(xi),X2, • • • ,Xn], Vx^ G G}- (3.1) 

It is easily seen that r(^) is an associative algebra, and so it is a subalgebra of gl{G)- 
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For more information on centroid see [2D]. Let 

Vb{Q) = {0 G V{G) I B{<^{x),y) = B{x,(l){y)), for all x,y G Q}. 

Denote by r^(^) the subspace of Vsi^Q^ spanned by {(/> G Vb{,Q^ \ (p is invertible}. We 
use J-'{Q) to represent the vector space spanned by all invariant symmetric bilinear forms 
on Q and B{Q) the subspace of J^{Q) spanned by all nondegenerate invariant symmetric 
bilinear forms on Q. The dimension of B(Q) is called the metric dimension of Q. 

Theorem 3.1 Let {G,B) be a metric n-Lie algebra. Then 

dimr^(g) = dim Lb (e) and dim B{g) = dimT{g). 

Proof Every ip € Tb{G) corresponds to a matrix M{ip) with respect to a basis. Note 
that ip is nondegenerate if and only if detM{ip) ^ 0. Then the set of all nondegenerate 
elements in T^{g) is a nonempty open subset in the topological space TsiG) with the 
usual topology. Therefore, dimr^(^) = dimTB{G)- By a similar discussion we get 
dimB{g) = dimT{g). □ 

Lemma 3.2 Let {G, B) be a metric n-Lie algebra and -fC be a bilinear form on Q. Then 
there exists a unique linear transformation D on Q such that 

K{x, y) = B{Dx, y), for all x,y eQ. (3.2) 

Furthermore, K is symmetric and invariant if and only if D satisfies 

B{D{x),y) = B{x,D{y)), (3.3) 

and 

D{[xi,X2, ■ ■ ■ ,Xn]) = [XI,X2, ' ' ' ,D{Xn)] (3.4) 

for all Xi g,l < i < n. 
Proof Linear equations 

K{xi,Xj) = B{D{xi),Xj), where xi, . . . , Xn Is a basis of Q 

give rise to a linear transformation D satisfying (3.2). Such a linear transformation is 
unique. It is routine to check that K is symmetric if and only if D satisfies (3.3). Since 

K{Xn, [Xl, ■ ■ ■ ,Xn-l,y]) = B{DXn, [xi, • • • ,Xn-l,2/]) = -B{[xi,X2, ■ ■ ■ , , D(x„)] , ?/) 
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and 

K{[xi,--- ,Xn-i,Xn],y) = B{D[xi,--- , x„_i , , y] ) , 
we obtain that K is invariant if and only if (3.4) holds. □ 
Theorem 3.3 Let {G, B) be a metric n-Lie algebra. Then we have 

dimS(g) = dimrB(^). 

Proof Let Bi be an invariant scalar product on Q and Bi{x,y) = B{Dx,y) for some 
linear transformation D on Q. Since Bi is nondegenerate, by Lemma 3.2 we have D G 
TB{g), it follows dim B{g) < dim Lb (g). 

Conversely, let 0i, • • • , 0; be a basis oiTsig)- We define the invariant scalar products 
Bi on Q by 

Bi{x,y) = B{(l)i{x),y), \lx,y G C/, for i = 1, • • • , L 

I I I 

Thus ^ kiBi{x,y) = B{Y1 ki'i>i{x),y) for fci, ■ • ■ , fc; € C. It follows that ^ fcjc^j = if 

i=l 1=1 1=1 

I 

and only if ^ = 0. Therefore, d\m B{Q) > dimr^(^). □ 

i=l 

Lemma 3.4 Let VF be a subspace of metric n-Lie algebra {Q,B). Then 

(1) W is an ideal of Q if and only if W'^ is contained in Cg{W). 

(2) All one-dimensional nondegenerate ideals are contained in C{Q). 

Proof If W is an ideal of Q, then W-^ is also an ideal. For every x G W,y G W-^, 
B([x,Q,--- ,g],y) = B{Q,[x,y,Q, ■ ■ ■ ,Q]) = 0. Since B is nondegenerate, y G Cg{W). 
Conversely, if I^^ <^Cg{W), then B{W^,[W,g,g,- ■ ■ ,5]) = B{[W^ ,W,g , ■ ■ ■ = 
0. It follows that [W, g,g,--- ,g]^ (W^)^ = W. This proves (1). 

We prove (2). If / is a one dimensional nondegenerate ideal of G, then [I, I,Q, - ■ ■ ,3] = 
0. By Lemma 2.3, 

[i,g,--- ,g] = [i,i(Bi^,g,--- ,g] = [i,i,g,--- ,g] + [i,i^,g,--- ,g] = o. 

This proves that / C C(a). □ 

Theorem 3.5 Let {g,B) be a metric n-Lie algebra and g = S (B TZ the Levi decom- 
position. Then g has no strong semisimple ideals if and only if TZ is coisotropic (i.e., 
TZ~^ C TZ). Moreover, we have 

Cg{n) =C{g)®TZ^ and ,5,7^^] =7^^. 
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Proof Suppose that G has no strong semisimple ideals. If 5 = 0, the result fol- 
lows easily. If 5 7^ 0, then the radical TZi of TZ'^ is a characteristic ideal of TZ'^, and 
hence [Tli,S, • • • ,S] C TZi. Thus TZ^ has an 5'-module decomposition TZ-^ = TZi (B Si, 
which is also a Levi decomposition of TZ-^. If 7^ 0, it follows from Lemma 2.3 that 
[Si,TZ,Q, - ■ ■ ,Q] =0. In other words, Si is a strong semisimple ideal of G, which is a 
contradiction. Therefore, Si = and TZ-^ = TZi C TZ. 

Conversely, if TZ^ C TZ, let Si be a strong semisimple ideal of Q. By (2) in Lemma 
2.3, Si is nondegenerate. Then Q = Si ® S^. Let ^ = 5 © 7^ be the Levi decom- 
position of g. Then Si C S wd [Si,'JZ,g, ■ ■ ■ ,g] Q Si HTZ = 0. We have B{n, Si) = 
B{TZ,[Si,--- ,Si]) = B{[Si,--- ,Si,TZ],Si) = since [5i,-- - ,Si,TZ] C SiHTZ = 0. It fol- 
lows that Si C TZ-^ C TZ. Therefore, = 0. This shows that g has no strong semisimple 
ideals. 

From Lemma 3.4, we have Cg{TZ) ^C{g)+TZ^. Next we prove the inverse inclusion. 
Note that TZ^ is an 5-submodule. If there is x G TZ-^ such that [5, • • • ,S,x] = 0, then 
B(x,g) = B{x,S) + B{x,TZ) = B{x,S) = B{x,[S,--- ,S]) = B{S,[x,S,--- ,S]) = 0. 
Therefore, x = 0. It follows that 7^-^ n C{g) = and [5, • • • ,S,TZ-^] = TZ^ . Since 

B{TZ^ + c{g),[Tz,g,--- ,g]) = B{c{g),[Tz,g,--- ,g]) = B{Tz,[c{g),g,--- = o 

andCg(7e) = [7^,g,••• weget TZ^®C{g) C Cg;(7^). Therefore, Cg(7e) =TZ^®C{g). 

□ 

Theorem 3.6 Let {g, B) be a metric n-Lie algebra and g = S ®TZhe the Levi decom- 
position of g. Then 

(1) As 5-modules, we have 

TZ^ '^{g/TZy ^S* '^S. (3.1) 

(2) If 5 = 5*1 © • • • ,©5t, where Si are simple ideals of 5 (t > 1), then there are 
5-module homomorphisms Ti : S ^ TZ-^ satisfying Ti{Sj) = (i 7^ j), Ti I5. is injective, 
and for all x, y, xi, ■ ■ • , x„ G 5 

B{Ti{x),y) = B{x,Ti{y)), (3.2) 

Ti{[xi,--- ,Xn]) = [Xl,--- ,Xn-l,Ti{Xn)]. (3.3) 

Proof If 5 = 0, the result is trivial. If 5 7^ 0, it is clear that {g/TZ)* ^ S* = S as 
S'-modules since S is strong semisimple. It suffices to show that TZ^ is isomorphic to S* 



8 



as 5-modules. Define a mapping <j) of TZ to S* by 

(^(x) = B{x, -) \s, for all x G 7^^. (3.4) 

Since is nondegenerate, (j) is surjective. If (pi^) = foi' some x € 7^^, then B{x,S) = 
B{x,S + 7^) = B{x,Q) = 0. It follows that x = 0, which shows that (j) is injective. It 
is easily seen that is a linear isomorphism from vector space TZ'^ to S*. Moreover, for 
every yi, - ■ ■ , Vn-i, z & S and x G 71-^ since 

(ad(yi,--- ,yn-i).(l){x)){z) = -(t){x){[yi, - ■ ■ ,yn-i,z]) 

= -B{x,[yi,--- ,yn~i,z]) = B{[yi,--- ,y„_i,x],z) = (pdyi,--- ,yn~i,x]){z), 

(j) is an 5-module isomorphism. The result (1) follows. 

Let S = Si (B • • • ® St and S* = S^ (B • • • ® S^ , where Si are simple ideals of S and S^ 
are the dual space of Si (can also be seen as dual 5-module of 5^). From (1) we obtain 
a decomposition of irreducible 5-modules 

Te-L = 7^l e • • • e 7^t, 

and the 5-module isomorphism ni : Si ^ TZi satisfying 

-Ki{[xi,- ■ ■ ,Xn]) = [Xi,- ■ ■ ,Xn-l,TTi{Xn)], for all Xi , • • • , X„ € S'j. (3.5) 

Thanks to (3.4) and Theorem 3.5, Si © TZi is nondegenerate and 

B{'Ki{x),y) = B{x,TTi{y)), for all x, y G S'^. (3.6) 

Finally, extending iTi to Ti : S ^ IZ^ by Tj(x) = 7rj(x) for x ^ Si and Tj(^ S'j) = 

where i = 1, • • • ,t, we see Tj as 5-module homomorphisms satisfy (3.2) and (3.3). □ 

Lemma 3.7 - An ideal / is maximal if and only if Q/I is simple or one-dimensional. 

Lemma 3.8 If B is strong semisimple or one dimensional, then every n-Lie algebra 
extension 

A-^g^B 

is split, i.e., there is an n-Lie homomorphism f : B ^ Q such that vr/ = Id^. 

Proof Let Q = 7Z®She a. Levi decomposition of Q and S = Si® ■ ■ ■ ® Sm, where Si are 
simple subalgebras of Q. If jB is strong semisimple, then the radical 7^ of is contained in 
the kernel of vr, and then there \sk <m such that vr is an isomorphism from Sj^ © • • • © Si^, 
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to B. Let {yi, ■ ■ ■ ,yt} be a basis of ® ■ ■ ■ © Si^,. Then {xi = vr(yi), • • • ,xt = T^ivt)} is 
a basis of B. Define a mapping / : B ^> ^? by f{xi) = t/i (or 1 < i < t. Then vr/ = Mq, 
which proves the Lemma. If B is one-dimensional, the result is obvious. □ 

Theorem 3.9 Let (G, B) be a metric n-Lie algebra without strong semisimple ideals 
and Q = S ®TZ the Levi decomposition. Then a subalgebra of ^ is a minimal ideal of 
Q if and only if H is an irreducible 5-submodule of the centralizer Cg{TZ). 

Proof Since [Cg{TZ),TZ, Q, - ■ ■ ,Q] = 0, a subalgebra H of Cg{TZ) is a minimal ideal if and 
only if H is an irreducible 5-module. 

Now suppose a subalgebra H of Q is a minimal ideal. Then H-^ is a maximal ideal. 
Thanks to Lemma 3.7, Q/H^ is one-dimensional or simple. By Lemma 3.8 the short 
exact sequence 

— >H^ — >g — > g/H^ — > 
is split and there exists a subalgebra 5*1 of Q such that 

G = Si® H'^, as a direct sum of subalgebras. (3-7) 

If dimS*! >1, then 5i is simple and TZ C H^. From Theorem 3.5 and Lemma 3.4, 
we have H C TZ^ C CgiJZ). Therefore, H is an irreducible 5-module and contained in 

Cg{n). 

If dim 5*1 = 1, then [^i, 5i, . . . =0. By (3.7) we have 

[H,n,g,--- ,g] = [H,n,Si,g,--- ,g]. 

We claim that the right hand is zero. Suppose not, as i7 is a minimal ideal we see 
[H,n,Si,g,--- ,g] = H. Then B{H,g) = B{H,Si) = B{[H,n, Si,g,- ■ ■ ,g],Si) = 
B{H, [Si,TZ, Si,g, - ■ ■ , g]) = 0, which contradicts that B is nondegenerate on g. There- 
fore, H C Cg{TZ) and H is an irreducible 5-module. □ 

Lemma 3.10 Let {g,B) be a metric n-Lie algebra. Then C{g) C C{g)'^ if and only if 
g has no one-dimensional nondegenerate ideals. 

Proof If C(^) is not contained in C{g)'^, then there exists x G C{g) such that B{x, x) ^ 0. 
We obtain a one dimensional nondegenerate ideal / = Cx. 

Conversely, suppose that C{g) C C{g)-^ and that J = Cx is a one dimensional ideal 
of g. Then we have [g, - ■ ■ ,g,x] = or [g, - ■ ■ ,g,x] = Cx. If • • • , g, x] = 0, then 
X e C{g) C C{g)^, it follows B{J,J) = 0. If [g,--- ,g,x] = Cx, Then B{x,x) C 
B{x, [g, - ' ' iG, x\) = B{g, [x, x,g, - ■ ■ , g]) = O. Therefore, J is degenerate. □ 
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Theorem 3.11 Let (Q, B) be a S-irreducible metric n-Lie algebra and m{Q) the number 
of minimal ideals in a decomposition of Soc{Q). Then d\m.B{Q) > m{Q) + 1. 

Proof Let Q = S ®TZhe the Levi decomposition oi Q. If 5 = then m[Q) = dimC(^) 

by Theorem 3.9. The result follows from Theorem 3.5. 

If 5 7^ 0, then from Theorem 3.5, Lemma 3.10 and invariant property of we have 
C 7^ = (7^^)^ and C{g) C {C{g))^. it follows that Cg(7^) C Cg(7^)^, 

B{n^,n^) = B{c{g),c{g)) = B{c{g),n^) = B{s,c{g)) = o. 

If C{g) 7^ 0, then there is a subspace V Q TZ such that C{g) © F is nondegenerate (as a 
direct sum of subspaces). Thus ^ = F ffi ■ ■ ■ , ^] again by Theorem 3.5 and Lemma 
3.10. 

Let S = Si (B ■ ■ ■ (B St, where Si are simple ideals of S. By Theorem 3.6, TZ-^ has an 
irreducible 5-module decomposition TZ-^ = TZi ® ■ ■ ■ ®TZt. Prom Theorem 3.9, 

m{g) = t + dhjie{g). (3.8) 

Extend Tj in Theorem 3.6 to a mapping (pi of g to itself by (j)i{x) = Ti{x) for x ^ S 
and (j)i{x) = for X G 7?-. We obtain, for all x, y, xi, • • • , x„ G ^, 

B{(t)i{x),y) = B{x,(pi{y)), (pi{[xi, ■ ■ ■ ,x„]) = [xi, • • • , x„_i, (^i(x„)]. 

In other words, (pi G Tsig) for 1 < i < t. Let {yi, • • • , yg} be a basis of C{g). Then there 
is a basis {xi, • • • , x^} of V such that B{xi,yj) = 6ij. Define ipj : g ^ g hy 

ipjixi) = 5ijyj and • • • , ^]) = 0, for i = 1, • • • , s. 

So ipj{g) ^ C{g) and B{^j{x),y) = B{x,ipj{y)) for x,y ^g. It follows that -i/jj G rB(Cy). 

In sum, {(j)i,Tpj G rB(^) | 1 < i < t, 1 < j < s} is linear independent. Since the 
identity map Idg is contained in Tsig), we have dim B{g) > m{g) + 1 by (3.8). □ 

By the above discussions, we obtain following results directly. 

Corollary 3.1 Let {g,B) be a metric n-Lie algebra with dim g >1. Then 

(1) dimB{g) > dimC(a) + 1- 

(2) Ifg = (B^^i gi is an orthogonal direct sum of i?-irreducible ideals, then dim i?(^) > 
Yl^^i dimi?(^j). Moreover, dimi?(^) > p + Ya=i "^(^i)- 

(3) If dimi?(^) = 2, then ^ is a local n-Lie algebra if and only if g is either a solvable 
n-Lie algebra whose center is one-dimensional or a perfect n-Lie algebra with a simple 
Levi factor. 
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Proof The results (1) and (2) follow from the Theorem 3.11. We prove (3) below. 
Let Q he a local n-Lie algebra. Then m{Q) = 1. If Q is solvable, by Theorem 3.9 the 
only minimal ideal of Q is contained in C{G). Therefore, dimC(^) = 1. If ^ is not 
solvable. Let ^ = 5 © 7^ be the Levi decomposition and S = Si (B ■ ■ ■ ® St, where Si are 
simple subalgebras (1 < i < t). Since dimi?(^) = 2, by (3.8) and Theorem 11, we have 
'm(Q) = t + dimC{Q) = 1. Thus dimC(^) = and t = 1. It follows from Theorem 3.5 
that 7^ = and [g, • • • , = [5, • • • , 5] © [5, • • • , 5, 7^^] = 5 © = G, which shows 
that ^ is a perfect n-Lie algebra with a simple Levi factor. The converse follows from 
Theorem 3.11. □ 

4. Minimal ideals of metric n-Lie algebras 

In this section we study structures of metric n-Lie algebras by means of minimal 
ideals. 

Lemma 4.1 Let G be an n-Lie algebra and ideals of G for k = 1, - ■ ■ ,m. Suppose that 
G = ©^1 Jfc is a direct sum of vector spaces. If J is an ideal satisfying [J,G,- " >S] = J 
or C{G/J) = {0}, then J = ffi^=i(Jfe n J). 

Proof If [J,G,--- ,G] = J, then J = ©^=i[J, Jk,-- - ,Jk] ^ ®t=i{Jk H J). Therefore, 
J = ©^i(Jfc n J). If C{G / J) = {0}. Let (p : G ^ G / J he the canonical mapping and 
X = Yll^=i £ J, where £ JkA l£ k < m. Since [x^, G, - ■ ■ iG] = [xk-, Jk-, • • • iJk] and 
[xfc, Jj, ^, • • • , t/] = if / j, we have [xk, ^, • • • , ^] = [x, Jfc, • • • , Jfc] C J. Then 

Vp{xk), ^{G), • • • , (p{G)] = ^{[xk,G, • • • ,G]) = 0, 

which shows that ip{x}S) G C{G/J)- Thus Xk € J. This completes the proof. □ 

From [19], an n-Lie algebra G is strong semisimple if and only if G can be decomposed 
into a direct sum of simple ideals. The following lemma provides a property of the 
maximal strong semisimple ideals in metric n-Lie algebras. 

Lemma 4.2 Let G he a, metric n-Lie algebra with simple ideals. Then G has a unique 
maximal strong semisimple ideal S{G) and 

G = S{G)®S{G)^. 

Proof Suppose is the set of all simple ideals of G and S{G) = YIj^m ■ -^'-'^ every 
Ji, J2 G M, since [Ji, J2,G, - ■ ■ ,G] ^ Ji n J2, we have Ji = J2 or [Ji, J2, ^, • • • ,G] = 0. 
It follows that S{G) is the direct sum of all simple ideals of G- Therefore, S{G) is the 
unique maximal strong semisimple ideal. 
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Let Q = S (B TZ he the Levi decomposition of Q. Then S{Q) is contained in S, and S 
has a decomposition S = S{Q) ® 5i, where 5*1 is an ideal of S. Let Qi = Si ® TZ. Then 
TZ is the radical of Gi, and 

It follows that 

[gi,g,--- ,g] = [gi,gi,g,--- ,g] = Si + [n,g,--- ,g]^gi, 

which shows that is an ideal of g and has no strong semisimple ideals. By Lemma 
2.3, we see that S{g) is nondegenerate and = S{g)-^. □ 

Lemma 4.3 Let {g,B) be a nonsimple metric n-Lie algebra with dim^ > 1 and J be 
a non-zero minimal ideal of g. Then 

(1) J is either an abelian or a simple ideal of g. 

(2) JQ[g,--- ,0] or JCC(g). 

(3) If i7 7^ J is a minimal ideal, then [J, H,g, - ■ ■ ,g] =0. 

Proof (1) From the minimality of J we obtain that Jn J-*- = J or Jfl J-*- = 0. If JnJ-^ = 
J, then J C J-*-. It follows from Lemma 2.3 that [J, J,g, - ■ ■ ,g] Q [J, J"*", g, - ■ ■ ,g] =0. 
Then J is an abelian ideal. If J PI J"*" = 0, then g = J J"*". Note that a subspace 
/ C J is an ideal of J if and only if / is an ideal of g, since [I,g, - ■ ■ ,g] = [I, J, • • • , J]. 
Therefore, if dim J = 1, then J is abelian; if dim J > 1, then J is simple. 

The result (2) can be seen from [J,g, - ■ ■ ,g] = J or [J,g, ■ ■ ■ ,g] = 0. The result (3) 
is trivial. □ 

Theorem 4.4 Let {g,B) be a nonsimple metric n-Lie algebra with dimC/ > 1 and J a 
minimal ideal of g. Then g / J-^ is a one-dimensional metric n-Lie algebra if and only if 
J C C{g) and dim J = 1. 

Proof If g/J'^ is a one-dimensional metric n-Lie algebra, then there is a nonzero vector 
X ^ g such that g = J"*- © Cx as a direct sum of vector spaces. In the case that J is 
nondegenerate, we have g = J (B J^- Thus dim J = 1. By Lemma 3.4, [J, t/, ••• , ^] 
= [J,J + J^,g,--- ,g] = 0, that is, J C C{g). if J is degenerate, then J n 
and J C J-*-. So the subspace J © Cx is nondegenerate. It follows that dim J = 1, and 
JCC(a). 

Now, suppose that J = Cz C C{g). If J is nondegenerate, we have = J © J"*"; and 
g/J'^ is isomorphic to J as one-dimensional metric n-Lie algebras. If J is degenerate. 
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then J C J-^. Since J is a minimal ideal, J is maximal. Then Q /J is one-dimensional or 
simple n-Lie algebra. By Lemma 3.8, there is a subalgebra 5i of Q being one-dimensional 
or simple such that Q = J"*" 5"! as a direct sum of subalgebras. We affirm that Si is 
not simple. Otherwise, 5i = [Si,-- - ,Si\ and hence B{J,Si) = and B{J, Q) = 0, 
which contradicts to that B is nondegenerate. It follows that Si = Cy and J © Cy is 
nondegenerate. Thus, if Cy is nondegenerate, the result follows. If Cy is degenerate, 
then Q / J-^ is isomorphic to C{z + y) as a metric one-dimensional n-Lie algebra. □ 

Theorem 4.5 Let {Q,B) be a i?-irreducible nonsimple metric n-Lie algebra with 
dim^ > 1 and J a nonzero minimal ideal of Q. Then J C CgilZ) H [ty, • • • , Q]. 

Proof Since ^ is a i?-irreducible nonsimple n-Lie algebra, by Theorem 3.9 we have 
J C Cg(lZ). Note that [ J, ^, • • • , Q] is an ideal contained in J. We have [J, ^, • • • ,Q] = 
or [J, • • • , ^] = J. If [J-iQ-, - ■ ■ , ^] = J, then the result follows. If [J, ^, • • • , ^] = 0, 
then J C C{Q). Since Q is S-irreducible, by Lemma 3.10, C{Q) is isotropic. Therefore, 
J C C{<5) C C{g)^ = [G,--- ,Q], which completes the proof. □ 

A direct calculation yields the following lemma. We omit its details. 

Lemma 4.6 Let Qhea metric n-Lie algebra and S{Q) be the maximal strong semisimple 
ideal. Suppose that S{Q)-^ = Si®TZi is the Levi decomposition of Then we have 

(1) Every ideal of S{Q)^ is an ideal of Q, and TZi = TZ, the radical of Q. 

(2) S{Q)^ has not strong semisimple ideals. 

(3) Let A{Q) be the sum of all minimal abelian ideals of Q. Then A{Q) = Soc{S{Q)^). 

(4) c{g) = c{s{g)^). 

(5) Cg(7^)=5(g)©C5(g)x(7^). 

(6) IZ^ = S{Q) © VF, where W is the orthogonal complement of IZ in S{Q)^. 

Theorem 4.7 Let (C/, B) be a metric n-Lie algebra and = 5 © 7^ be its Levi decom- 
position. Then 

Soc(^) = Cg(7^) = 7^^©c(g). 

Proof Let S{Q) be the maximal strong semisimple ideal and A be the set of all nonsimple 
minimal ideals of Q and A{Q) = YljeA • Lemma 4.2 and Lemma 4.3, we have A{Q) 
is an abelian ideal and 

Soc{g) = s{g) © A{g), a{g) q n, s{g) c Cg(7^). 
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Then A{Q) C Cg(^g-^±{TZ) C Cg{TZ) by Theorem 3.9 and (3) in Lemma 4.6. Therefore, 

Soc{g) = s{g) (B AiG) o Cg{n). 

Let S{Q)^ = 5i © 7^ be the Levi decomposition of S{g)-^ and W the orthogonal 
complement of TZ in S{Q)'^. It follows from Theorems 3.5 and 3.6 that Cg(^g-j±{7l) = 
C{S{Q)^) Q)W = C{Q) © W and that W has an irreducible Si-submodule decomposition 
W = Wi © • • • © Wt- Again by Theorem 3.9 we know that Wi are minimal ideals of 
S{Q)^. Thus C5(g)± (7^) C Soc{Q). Therefore, 

Cg{TZ)(^s{g)®A{g). 

This completes the proof. □ 
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